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ACTION ON GRASSMANNIANS ASSOCIATED WITH
COMMUTATIVE SEMISIMPLE ALGEBRAS

DAE SAN KIM AND PATRICK RABAU

ABSTRACT. Let A be a finite-dimensional commutative semisimple algebra
over a field k and let V' be a finitely generated faithful 4-module. We study
the action of the general linear group GL (V) on the set of all k-subspaces
of V and show that, if the field k is infinite, there are infinitely many orbits
as soon as 4 has dimension at least four. If 4 has dimension two or three,
the number of orbits is finite and independent of the field; in each such case we
completely classify the orbits by means of a certain number of integer parame-
ters and determine the structure of the quotient poset obtained from the action
of GL,(V) on the poset of k-subspaces of V.

1. INTRODUCTION

In [4] the second author examined the action on Grassmannians of a general
linear group defined over an extension field of the base field. In the present paper
we replace the extension field by a finite-dimensional commutative semisimple
algebra with several simple components, i.e., we consider the action of products
of general linear groups. Let us mention that corresponding situations can be
investigated for other classical groups, for instance for symplectic groups [3].

We now present our problem in more detail. Let 4 be a finite-dimensional
commutative semisimple algebra over a field k and let V' be a finitely generated
A-module. We let [7], denote the set of k-subspaces of V', partially ordered
by inclusion, and consider the natural action of the group GL (V') of A-linear
automorphisms of ¥ on [”], . Our main result (Theorem 3.1) is, if k is an
infinite field and V is a faithful 4-module, a necessary and sufficient condition
for the quotient poset [’ ], /GL,(V) to be finite is that dim, 4 < 3. Apart
from the trivial case 4 = k, this condition covers five possibilities: 4 = F,
L, kxk, kxkxk,and F xk,where F and L are respectively a quadratic
and a cubic extension field of k. The cases 4 = F or L were treated in [4]
and we treat the remaining ones here. In each individual case we show that
the quotient poset itself is independent of the particular fields chosen (with one
exception for the case 4 = k x k x k and k is the field with two elements). In
group theoretic language, we determine the finiteness of the double coset spaces
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P\GL,(V)/GL,(V) with P a maximal parabolic subgroup of GL, (V') when
dim, 4 < 3 and get bounds on their cardinalities.

The following table gives, for all 4 with dim, 4 < 3, the number of pa-
rameters necessary to describe the quotient poset [” ], /GL,(V), as well as its
asymptotic size for the case of V' a free A-module of rank ».

A # of parameters | asympt. size of poset
k 1 n
F 2 (1/2)n*
k x k 3 (1/3)n’
L 4 (1/48)n*
Fxk 6 (17/5760)n°
kxkxk 8 (11/26880)n®

When k is a finite field, one can also compute the size of each orbit for the
action of GL (V) on [¥], and obtain as a consequence some new g-series
identities. This was done in [4] in the context of cubic field extensions, where
the author obtained new g-analogues of transformation and evaluation formulas
for hypergeometric series due to Gessel and Stanton [2]. We will postpone these
combinatorial applications in our situation to a later paper.

We should also point out that this work has an important application to the
theory of automorphic forms (see for example [1]). Indeed, whenever one has
an embedding G — G’ of reductive groups over a global field, one can consider
the Rankin integral of cuspforms of G against the pullback of an Eisenstein
series on G' and hope to get an integral representation of some L-functions
associated with those cuspforms. This naturally leads to a consideration of
double cosets P'\G'/G with P’ parabolic subgroup of G, which is the subject
of the present paper.

The paper is organized as follows. After some preliminaries in §2, we state
the main problem in §3. §§4 to 6 are respectively devoted to the cases A =
kxk, A=kxkxk,and A=F xk.

2. PRELIMINARIES

We will use the following general notation. The group of units of a ring R is

written R™ . The set of submodules of an R-module U is written [Y],, and
the submodule of U generated by a set S is written RS, or (v, ... ,v,) if
S={v,,...,v,}. If R isa field, we write [U], for the set of subspaces of

U of dimension i over R. Finally, N is the set of nonnegative integers, and
the set-theoretic difference of two sets S and 7T will be written S — T .

Let k be a field. In this section, we recall and state (mostly without proofs)
facts about commutative artinian semisimple algebras over & and modules over
them, introducing several definitions and notations along the way. Any such
algebra is isomorphic to an algebra 4 = k; x --- x k,for some integer m,
where each k; is an extension field of k. The primitive idempotents of A4
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are the elements ¢, = (0,...,0,1,0,...,0) with the 1 in the ith position
(i=1,..., m);theysatisfy ¢, +---+e¢, =1, e,.2 =e¢;,and ege, =0 fori#j.
This notation will remain fixed throughout the paper.

Let V be a module over 4, which can also be viewed as a vector space
over k by restriction of scalars. Each e} is a submodule of ¥V and V =
e,V & --de,V; moreover, each ¢,J’ may be viewed as a vector space over
k, = A/ann(e;) = e, 4. If V' is another A-module, any T € Hom 7, 14
is completely determined by its restrictions T|,,, € Hom, (¢;V, ¢, V' (i =
l,...,m). Thus, if R-moed denotes the categéry of (leftj R-modules, the
categories 4-mod and k,-mod x --- x k,-mod are equivalent. This equivalence
of categories is the key to many of the results listed below.

Define the dimension vector of V to be the m-tuple

dim V' = (dimkl eV,...,dim_e V).

In case m =2 or 3, we will talk about the bidimension or tridimension of V .
Also, call dim V' finite when all its components are finite.

Lemma 2.1. (a) Two A-modules are isomorphic if and only if they have the same
dimension vector
(b) End (V) = []}_, End, (e V) as k-algebras; GL,(V) =[]~ lGL eV)

as groups. Ifdlm V=(n,...,n,) isfinite, then GL ,( ]'[,=1 GL( n, k).
(c) Let V] and V, be submodules of V. Then
(i) dim,V =dim V| +dim V/V,;
(i) dim (¥, + V,) +dim ,(V, N V,) = dim ,V, + dim ,V,;
(iii) dim,V =dim,V, +dim,V, if V=V, &V,.
(All the sums are componentwise.)

Proposition 2.2. Let V be an A-module.

(a) V is free if and only zfdlmk eV=-.= dlmk e, V.

(b) V is a finitely generated A- module zf and only zf dim V' is finite. If
each k; is of finite degree over k, then V is finitely generated if and only if
dim, V < o0.

Here we give more terminology. Let W be a k-subspace of V. We write
('], for the set of A4-submodules of ¥ contained in W . For k-subspaces

W,,..., W, of V, write

W=we, o,W

r

if W=@, W, and AW =P, AW,, in which case we say that the sum P, W,
is a direct sum over A . For two summands we have the equivalent formulatlon
W=Wwe,W,ifandonlyif W =W &W, and AW, NAW, =0. The largest
A-submodule of V' contained in W will be called the A-component of W,
written comp, W . For a vector v € V', we have

vecomp, W& Av C W.
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Lemma 2.3. Let W;, W, € [V], . Then

(i) AW, +W,) = AW, + AW, ;

(i1) comp (W, NW,) = comp, W, Ncomp, W, ;

(iii) AW, NW,) < AW, N AW,;

(iv) comp (W, + W,) > comp, W, + comp , W,, with equality if the sum
W, + W, is direct over A.

Proposition 2.4. Let W € [V], and W, €[] . Then there exists a subspace
Ue %], suchthat W=W &,U.

Proof. Since W, is an A-submodule of the semisimple module AW, there
exists an A-submodule U, of AW suchthat AW = W @U,. Put U =UnNW.
From the fact that W, < W, one easily sees that W =W, o U, AU = U, , and
WnNAU=W,NnU, =0,ie, W=W,o,U. O

Remark. In general, an arbitrary complement U of W, in W over k will not
form a direct sum over 4 with W, . Examples are already easy to find in the
case dim, 4 = 2. However, we mention that if W, contains comp, W and
dim, 4 = 2, then any complement of W, over k will be a complement over
A . This will be shown in Lemma 4.1 for the case 4 = k x k. (See [4, Theorem
4.1(c)] for the case A = k, , quadratic extension of k.) This fact does not hold
when dim, 4 > 3.

Proposition 2.5. Ler W € [V], . Then, viewing each e,V as a vector space over
k;, we have

m m
comp,, W = @ comp, (WneV) and AW =P ke;W.

i=1 i=1

In particular, if A=k x---xk (m factors), then

m m
comp, W =P (W neV) and AW =PeW.

i=1 i=1

Proposition 2.6. Let W € "], and let (W,), be a family in [% ], such that
W =@, W,. This sum is direct over A if and only if for each i we have a direct
sum eW = @, e, W, over k. In particular, if A=k x---xk (m factors),
then the sum W = @, W, is direct over A if and only if e W = @, e,W, for

each i.

3. THE MAIN PROBLEM

We now assume A =k, x---x k,_is finite dimensional over k, that is, each
k;/k is a finite extension, and let V' be a finitely generated A4-module. Viewing
V' as a vector space over k by restriction of scalars, we have the set [’ ], of
k-subspaces of V', partially ordered by inclusion. In general, given a poset %
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of finite height and a group G acting on % by poset automorphisms, we can
define the quotient poset /G to be the set of orbits for the action of G on
& , with the order relation defined by &, < &, if there exists x € &,y € &,
such that x <y in & . In our situation, the general linear group GL (V) acts
by automorphisms on the poset [”], and we want to investigate the quotient
poset [¥] /GL, (V).

Since the poset [ %], is ranked, so is the quotient poset. The cardinality of
the dth level of the quotient poset is the size of the double coset space

P\GL,(V)/GL,(V),

where P is a suitable maximal parabolic subgroup of GL, (V). In terms of
matrices, if [k, : k] =r;,dim (V)= (n,,...,n,),and dim, V =n=73.rn,,
we have to consider the double coset space

P\GL(n, k)/(GL(n,, k) x --- x GL(n,,, k,))

% *
P= <GL(n, k),
{<0d><(n~—d) *>} < GL{ )

where we have chosen a suitable embedding of GL(n,, k) x---xGL(n,,, k,,)
into GL(n, k).
Our main result is the following:

with

Theorem 3.1. Let A be a finite-dimensional commutative semisimple algebra
over an infinite field k and let V be a faithful finitely generated A-module.
Then the quotient poset [ "], /GL (V) is finite if and only if dim, 4 < 3.

Proof. The case of 4 an extension field of k is considered in [4]. In §§4 to 6,
we show the finiteness of the quotient poset when dim, 4 < 3. Assume now
that dim, 4 > 4 with 4 =k, x---x k,, m > 2. To prove that the quotient
poset is infinite, we may restrict our attention to the case V' free of rank 1.
We will show that the action of GL,(4) = 4 on [4], has infinitely many
orbits. The cases to consider are:

(i) m=>4;

(ii) m =3 with at least one simple component, say k, , satisfying [k, : k] >
2

(iii) m =2 with, say, [k, :k] > 3;

(iv) m =2 with [k, : k] =[k,: k] =2.

In case (i), the subspaces (e, +e,+e,, e,+e,+ae,), (a € k™) are in different
orbits as a variesover k™ . In case (ii), if 1 and a are k-independent elements
in k,, then (e, +e, +e;, ae, + ae,), (a € k™) are in different orbits. In case
(iii), consider (ae, + ae, +e,, Be,), (a € k™) for any fixed k-independent
set {1, a, B} in k,. We will supply details only in the remaining case (iv).
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For this last case, suppose k, = k(a) and k, = k(f) with o’ = fia + f, and
B* = g B+g (fi, /1, &, & €k). Wewill show that for any distinct a, b € k
satisfying a + b + g, — f; # 0, the subspaces (e, +e,, ae, + (8 + a)e,), and
(e, +e,,ae, + (B + b)e,), are in different orbits. Suppose not. Then we can
find A, € k[, 4, € k), p, g not both zero in k, and r, s not both zero in k
such that
) { Ae, + 4,6, =ple +e,)+q(ae, + (B +Dbe,),

ake + (B +a)ie, =r(e +e,)+s(ae, + (B +be,).

By comparing the coefficients of e, and e, in (1), we obtain

A =Dp+qa,

Ay=p+q(f+D),
2) ,=p+q(f+Db)

aky =1 +5a,

(B+a)h,=r+s(B+0).

Eliminating 4, and 4, in (2), using o’ = fia+ £y, B* = & B+ g, and
comparing the coefficients of 1, a, 8, one derives

qgla+b+g - f) =0,

pla-b)=q(f,+ fib—g,—ab).
Hence ¢ =0 and, since p # 0, we get the contradiction a=5. O

Remark. The remaining sections of this paper and [4] actually show a much
stronger result. Except in one exceptional case (4 = k x k x k and k is the
field with two elements), if dim, 4 < 3, the quotient poset [/ ], /GL (V)
itself is independent of the fields k, k,, ... , k,, and only depends on m, the
degrees [k; : k], and the dimension vector dim V.

In the rest of this section, we state a few more general facts about the quotient
poset [] /GL,(V), beginning with a duality result. 4 and ¥ have the same
meaning as above, with k an arbitrary field; we do not assume dim, 4 < 3.

Theorem 3.2. The quotient poset [ ] /GL (V) admits an involutory antiauto-
morphism. In particular, if [],/GL,(V) is finite, then it is rank-symmetric.

Proof. Choose an A-bilinear symmetric nonsingular pairing B: V x V — 4.
For each i, choose a nonzero k-linear map ¢,: k;, — k,and let ¢: A — k be
defined by ¢(Foye;) =Y ¢,(e;) (o; € k). Themap B' = goB isa k-bilinear
symmetric nondegenerate pairing ¥ x V — k. For W € [V], , define Wt =
{veV|B'(u,v)=0 forall ue W}. Since B’ is nondegenerate, W™+ = W

and the correspondence W — W™ isan involutory antiautomorphism of Y-
Denote the transpose of an endomorphism 7 € End ,(V') with respect to B by
‘T, ie., B(Tu,v) = B(u, 'Tv) (u,v € V). Then it is easy to see that
(TW)* = (T W) for W € [V], and T € GL,(V). Therefore the

*
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correspondence W — W' induces an involutory antiautomorphism of the
quotient poset [7],/GL,(V). O

The fact that the quotient poset is rank-symmetric if it is finite is also con-
tained in the following result. Recall that a finite ranked poset is called Peck if
it is rank-symmetric, rank-unimodal, and strongly Sperner (see [5]).

Theorem 3.3. If the poset [%],/GL,(V) is finite, then it is Peck.

Proof. If k is a finite field, then [’]  is unitary Peck [5, Theorem 2].
[¥],/GL (V) is then Peck as a quotient of a unitary Peck poset [5, Theorem
1]. If k is infinite but [7], /GL,(V) is finite, Theorem 3.1 and the remark
following its proof shows that [*], /GL (V) is isomorphic to a quotient poset
of the same form with k finite. So the result is also true in this case. O

4. THE CASE A=k x k

In this section A is the algebra k x k and V is an A-module of finite bidi-
mension (n,, n,). We begin with the result announced in the remark following
Proposition 2.4.

Lemma 4.1. Let W e [V] . If W =U®Y for some k-subspaces U and
Y with comp, W < U, then W = U®, Y. In particular, any k-subspace
complementary to comp, W in W forms a direct sum over A with comp, W,
and if comp, W =0, any direct sum W =U @Y is direct over A.

Proof. We have to show that e Une,Y =0 for i=1,2. Say i=1.If v e
e,Une Y, then v=eu=ey forsome ue U,y€Y. Hence e (u—y)=0
and u—y € e,))) N W < comp, W < U, which implies y € UNY =0 and
v=0. 0O

Define the type of a k-subspace W of V to be the triple of nonnegative
integers
type(W) = (dim, (W ne, W), dim, (W ne,W), dim, (W/comp,, W)).

The type of a subspace is clearly invariant under the action of GL,(V) on
[¥], - We will shortly see that the parameters of the type constitute a complete
set of invariants for this action.

Theorem 4.2. Let W € [V ], with type(W) = (m,, m,,t). There exist k-

independent vectors v\, ..., 0" 29 2" in eV (i=1,2) such that

(1 (1) (2) (2 m, Q@ m ., @
() W=(, ,... ,vml)keaA(v1 y e ’vm2>k®A<zl +z ez, 2 )
The vectors vfi), e v,(,',) form a basis of e WNW over k (i=1,2).

Proof. Let W e [V], wih type(W) = (m,, m,, t). By Proposition 2.4, we

*

can write W = comp, W &, U for some subspace U € [¥'], (or use Lemma
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4.1). We have comp, W = (e WnNW)@& (e, W NW). Let {vf’), cees v,(";)_} be a
basis of e W NW over k (i=1,2). Let {z,,..., z} be abasis of U over

. () 0] (2)

k ; put z, . . , T2,

The vectors zg') e zf') (i =1, 2) are linearly independent over k. For
example, for / = 1, suppose a,,...,a, € k and Zpapz;” = 0. Then
2,4,2, = Epapzi,z) € e,V. Since Une,V < Uncomp, W = 0, we have
>-,4,2, =0, which implies a, =0 forall p. Since comp, W N AU =0, the

vectors vfi) s een s v,(,?; zgi), e zﬁi) are all independent over k (i=1,2). O

=€z, (p=1,...,t;i=1,2) sothat z,=12

The above theorem shows that if W € [¥], has type (m,, m,, ) then
dim , comp, W = (m, m,), dim AW = (m +1t, m, +1)
and
dim, comp, W = m, + m,,
dim, W =m, +m,+t, dim, AW = m, + m, + 2t.
In particular,
(2) m;+t<n (i=1,2).

Conversely, given any nonnegative integers m, , m,, t satisfying (2), there ex-
ists a subspace W € [V], of type (m, m,,t), namely the subspace W
given by (1) in Theorem 4.2 for any particular choice of k-independent vectors

(1) . ) () P
v, ,...,vm,,z1 s> 2z, inelV (i=1,2).

Theorem 4.3. Two k-subspaces of V are in the same orbit for GL (V') if and
only if they have the same type.

Proof. We have already noticed that the type of a subspace is invariant under
the action of GL,(V). Conversely, if W and W' are two k-subspaces of
V' of the same type, both subspaces can be written in the same standard form
given in Theorem 4.2 with respect to suitable bases B, and B, of e,V and
B, and B; of e,V over k. The A-automorphism of V' that sends the bases
B, and B, to B| and B, respectively will map W onto W'. O

We now have a one-to-one correspondence between the set {(m,, m,, ) €
N? |m;+t<n;,i=1,2} and the set of orbits for the action of GL,(V) on
[V], . It is readily established that, for triples (m,, m,, t) and (m|, m), 1)
€ N* satisfying (2), there exist subspaces W, W' ¢ [V], with type(W) =
(m,, my,t), type(W') = (m|, my,{), and W < W' if and only if the fol-
lowing four inequalities hold:

(i=1,2),

/
="
i
i

(3) m4+t<m +1  (i=1,2)
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We are now in a position to state the main theorem of this section.

Theorem 4.4. Let A be the algebra k x k over a field k and let V be an
A-module of finite bidimension (n,, n,). The quotient poset [ ] /GL (V) is
finite and independent of the field k . It is isomorphic to the poset

={(m1,m2,t)€N3|mi+t§ni, i=1,2}

ny,ny
with the order relation between triples given by (3).

Next, we state additional information that we have gathered about the poset
g"n - The situation being symmetric in n, and n,, we shall now assume

n, < n,. From §3, we already know that &%, o is ranked and Peck. It has
height n,+n, , with minimum element (0,0 O) max1mum element (n,,n,,0),
and the rank of a triple (m,, m,, t) equal to m, + m, +t. It is not a lattice
in general; for instance, the two triples (1, 2, 0) and (1,1, 1) of rank 3 both
cover the two triples (1, 1,0) and (0, 1, 1) of rank 2. If .@,f:i’)nz denotes the
dth level of the poset, then

() ifd<n <n,

(d) 2 .

ol =1 ("2) if n, <d <ny,
(n Lty — d+2) if n, < n, < d.

The cardinality of the poset is given by

= (n + 1)(n, +2)(3n, —n, +3).

We have the following rational generating function:

(Lo, | =

Z () "ly"zqdz 1
nyny,d>0 e (1=x)(1=y)(1-xq)(1 -yq)(1 - xyq)

Putting ¢ = 1 gives the special case

1
|2, L x"y" = .
,,,,Zn;zo (1-x)*(1=y)*(1 - xy)

5. THECASE A=k xk xk

In this section A4 is the algebra k x kK x k and V is an A4-module of fi-
nite tridimension (n,, n,, n,). Throughout this section {i, j, [} will always
indicate a permutation of {1, 2, 3}.

For a k-subspace W of V we define

AW)=WneW =WneV,
A;W)=Wn(e+e)W=Wnle+e)V,
A (W) = A (W) 0 (A (W) + A (W),
AW) = A, (W) + A (W) + Ay (W),
AW) = AL,(W) + A(W) + Ay (W),
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and let the type of W be the 8-tuple of nonnegative integers

type(W) = (dim, A,(W) (i =1, 2, 3); L dim, (A(W)/ comp , W);
dlmk( S(W /A (W) (i=1,2,3); dim (W/A(W))).

We will see in Lemma 5.3 that dlmk W)/comp , W) is always an even inte-
ger, so that type(W) is well defined. The parameters in type(W) are invariant
under the action of GL (V) on [% ], and will form a complete set of invariants
for this action.

It will sometimes be convenient to use the following alternative notation for
the type of a subspace. We introduce independent indeterminates M, , M, , M;,
R, S,,S,,S;, T and encode the type (m,, m,, my;r;s,,s,,5;;1) of a sub-
space by the monomial M["'M,"2M;"R'S]'S;2S*T', omitting the exponents
equal to 1 and the variables whose exponent is 0.

Theorem 5.1. Let W e [V], with type(W) = (ml,mz,m3,r sl,sz,s3;t)‘

There exzst k- zndependent vectors v(') ,v() x:'), Cs X, ,yi' Do

y(f 2 ,yl . ,yS[ ,z(l),... 2z in eV (l= 1,2, 3) such that W ad-
/

t
mits the direct sum decomposition over A

3 3
= (@Ai(W)) o, X0, (@ Yz) ®,Z
i=1

(where both sums @?zl are also direct over A) with

(1) (i)
AW)=@", oy

,
— (1) 2y (3
X = ®<xp Xy X T X s

Moreover, we have

comp, W =A(W)®,A(W)e, A (W),
A, W) =AW o, A e, (x" —xP L x —xUy,
A W)y=A;(W)e,Y,,
A(W)=comp, Wea, X,
AW)=AW)&,Y, 6,Y,6,Y,
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Remarks. (1) The subspace X is characterized by a “trace condition™:

(x(l) —x@ X0 —x(3))k = {ax(l) +bx? 4 ex? la,b,cek; a+b+c=0}.

(2) The fourth parameter of type (W) is given by the equivalent expressions

r=1dim X =1} dlmk( (W)/comp , W)
= dim, (R, (W)/(A,(W) ® A,(W))).
Proof of Theorem 5.1. The proof will involve a series of lemmas. To begin
with, comp, W = @?=1Ai(W) by Proposition 2.5. Foreach i = 1,2,3,
choose a basis {v”, ... (')} of A,(W) over k. By Proposition 2.4, we

may find a subspace U € [ ] , such that W = comp, W &, U. Necessarily,
comp, U = 0. So we are allowed to make the simplifying assumption that
comp, W = 0, which will hold until the end of the proof.

For short, let us write W, for Aij(W) and ’W/ij for 1~\ij(W). We first

examine the subspace X = Z(W) .
Lemma 5.2. (i) w,;n W,=0.

(ii) The projection v — ev from W, onto e W, isa k-linear isomorphism.
Proof. (i) W nW,1<WneV A(W)<comp, W=0.

(i1) The kernel of the projection is W n (ej +e)V = W,.j N Wj, =0 by part
(i). O

Lemma 5.3. (i) dim, le = dlmk = dim, W
(ii) There exist k-independent vectors x{ ), e xf') ineV (i=1,2,3)
such that
T (£ () (1) ()
Wu O N . P P

(iii) K(W) W W and hence dim, K(W) is even.

(iv) W, nA(W) W,
Proof. (i) To prove that the three dlanSlODS are equal, 1t suffices to show, by
symmetry, that dlmk W < dim, W13 Let n = dlmk le and pick a basis
{v,,...,v,} of W, over k. By definition of Al2( ) and Lemma 5.2(i),
each v, (p = 1,...,n) is written uniquely in the form v, =Y,-2, with
y, € Wl3 and z, € W23. Then y, =v,+z, € W N(W,+Wy;) = W,;. Claim:
the y,’s are independent over k. Suppose Zp my, = 0 for some scalars
m, € k. Then 3 muv = -3 myz € W,NnW,; =0 by Lemma 52(')
Hence m, =0 for all p. This proves that the three subspaces WIZ, W]3, W3
have the same dimension n. The fact that n = r is shown in (iii) below.

(ii) Keeping the same notation as above, {y,, ... ,y,} isa basis of WI 5 over
k. Similarly, {z,, ..., z,} is a basis of WB over k. Foreach p=1,... ,n,

(1) (2) 3

put X, =ev,, X, =—eU,, X =-ey,. By Lemma 5.2(i1), the vectors
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x(i), ,x,(,i) in ¢,V are independent over k (i = 1,2, 3). We have v, =
(1 _ @ _ _ (D —0-
» X, ﬁ:so e13))1p =ev,+ez, =X {2)— 0;
hence y,=ey,+tey, (; X, . Fm(e;l)ly, %)z” =6y, — jz”p =X, and
€32, =€y, —ev, = —X", 50 that zZ,=Xx,"—Xx". So each Wij has the form
stated above.

p
(iii) We now have Wj, < ’W; i+ Wi, . Since this last sum is direct by Lemma

5.2(i), we have A(W) = W, + W, + W, = W, & W,. Also dim A(W) =
dim, ’WV/U +dim, W, = 2n, so that r = L dim, A(W) = n.
(iv) follows easily from (iii) and Lemma 5.2(i). O

elvp + €2’Up = since e,z

(
._xp

For each i, pick a complementary subspace Y, of Wﬂ in Wj,, ie., Wj, =

Wj, @ Y,. Each Y, has dimension s, over k.

Lemma 5.4. We have the following direct sum decompositions over A:
) Wy=W,8,Y;
(ii) AW) =AW) e, Y, 8,7, 8,7,
Proof. (i) is a direct consequence of (ii), which we prove directly. Clearly,

~

AW)=AW)+Y, +Y,+Y,. We first show that this sum is direct, i.e.,

(1) AW)=AW)a Y, eY,0Y,

Let u € A(W), v, €Y, (i =~1, 2, 3) such that u+v, + v, + v, = 0. Since
v, € Wy,,v, € W;, and A(W) < W; + W,; by Lemma 5.3(iii), we have
Uy = —U— U -0, € W, + W,;. Hence vy € Y; < W, implies v; € W, N
(W, + W,;) = W}, and this forces v, = 0 by the definition of Y;. Similarly,

1
v, = v, = 0 and therefore ¥ = 0. We now show that the direct sum (1) is

direct over 4. By Proposition 2.6, it is equivalent to show that
eAW)=eAW)@eY deY,aeY,

for i =1,2,3. Let us do the case i/ = 1. Since ¢, ¥, = 0, the problem is
to show that the sum e A(W) +e,Y, +¢,Y; is direct. Let u € A(W), v, €
Y,,v; €Y, with eu+euv,+ev;=0. §ince e,(u +v,+v;) =0, we have
u+v,+v, € Wnie, +e)V = Wy = W,;&Y,. This implies v, + v, €
AW)+ W,; = A(W) @ Y, and hence v, = v; = 0 because of the direct sum
(1). Finally, e,v, = e,u; = 0 implies e, u = 0, which completes the proof. O

For each i = 1, 2, 3, choose a basis {ygi), ey yﬁ”} of Y, over k. Put
.y . . 1Y . . . .’ . 1" .
v =eyy, D = ey, so that y =y ey p=1,...,5). By
Lemma 5.2(ii), the vectors yl(,”') (p=1,...,s,) are k-independent in e V.

Finally, choose a complementary subspace Z of A(W) in W, ie, W =
A(W) @ Z . The subspace Z has dimension ¢ over k.

Lemma 5.5. (i) W =A(W)&,Z.
(ii) For each i = 1,2, 3, the projection v — ev from Z onto e¢,Z isa
k-linear isomorphism.
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Proof. (i) By Proposition 2.6, we have to show that e,W = e A(W) @ e,Z.
Since e, = e, A(W) + ¢,Z, this amounts to showing ¢ A(W)NneZ = 0.
Suppose u € A(W),v € Z, and e;u = ev. Then e (v —u) = 0 implies
vV—uU€ Wﬂ(ej+e,)V =W, < A(W) and hence v € A(W). So v =0 because
of the direct sum A(W) o Z .

(ii) The kernel of this projection is ZN(e; +e)V < Wn(e; +¢)V = W, <
A(W). Hence this kernel is ZNA(W)=0. O

The proof of Theorem 5.1 is now completed by choosing a basis {z, ... , z,}

of Z over k and putting zl(,i) =ez, (i=1,2,3;p=1,...,t). The vectors
5”, e zf’) in e,V are k-independent by Lemma 5.5(ii). Moreover, the vec-
tors xf'), e xf');yg"’), e yg”);yi””, e ys(l"”; zg'), e zf') in eV
are all independent over k because the direct sums in Lemmas 5.4 and 5.5(i)

are direct over 4. 0O

z

Remark. We record the following, which may be deduced from the preceding
proof. For a k-subspace W of V',

AW) = A (W) N A, (W),
AW)=A (W) + A, (W),

A (W)= A, ;(W)nAW).
Remark. If type(W) = (m , m,, my;r;s,,s,,5;; t) then

=A
=A

dim , comp, W = (m,, m,, m,),
dim AW = (m +r+s,+s;+t, my+r+s +s;+t,my+r+s +s,+1)
and
dim, comp, W =m, + m, + m,,
dim Aj;(W)=m;+m;+r,
dim, A;;(W)=m;+m;+r+s,
dim, A(W) = m, + m, + my + 2r,
dim, A(W)=m, +m, + my+2r+s,+5,+5;,
dim, W =m, +my+my+2r+s, +5,+5;+1¢,
dim, AW = m, + m, + my + 3r + 25, + 25, + 25, + 3.
From the expression for dim AW and Theorem 5.1, we see that an 8-tuple
(my, my, my;r;5,,8,,5;;1) € N® is the type of some k-subspace of V if
and only if
m+r+s;+5+t<n fori=1,2,3.

The following result is proved like Theorem 4.3.

Theorem 5.6. Two k-subspaces of V are in the same orbit for GL (V) if and
only if they have the same type.
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We may now state the main result of this section.

Theorem 5.7. Let A be the algebra k x k x k, where k is a field different from

the field ¥, with two elements, and let V be an A-module of finite tridimension

(ny, ny, ny). The quotient poset [”], /GL (V) is finite and independent of the

field k. It is isomorphic to the poset

={(m,, my, my;r;s,,5s,,5;;1) eN® | m+r+s,+s5+t<n,
fori=1,2,3},

nyny, Ny

with the order relation

! !/ ! / / ! l /
(M, my, My 58,8, 8358) < (M, my, my;r;s,,S,,S;t)

given by the following 18 inequalities:

m; < m; (i=1,2,3),

m, +r<m;+r/ (i=1,2,3),
m;+r+s; <m:+r +s; (all distinct i, j € {1, 2, 3}),

m;+r+s; +s1§mi+r +5, 4+, (1=1,2,3),

1 (i=1,2,3).

M+ TS+ +t<m+r +5 +5+1

Proof By the preceding remarks and Theorem 5.6, we have a one-to-one corre-
spondence between 95” oy, and the set of orbits for the action of GL (V') on
[ ] To prove the necessny of the above 18 inequalities for the order relation

in 93" yny observe that the operators A, A, i Al. T A,and A preserve inclu-
sion of subspaces and that the left-hand members of the 18 inequalities are equal
to dim, A,(W), dim, ¢, A(W), dim, e, A, (W), dim, e A(W), dim, e,W resp.,
if type(W) = (m,, m,, my;r;s,,s,,s,;t). The sufficiency of these 18 in-
equalities is a rather laborious checking which we will omit. O

Remark. If k is the field F,, the poset 97’ o is (isomorphic to) a refine-

ment (see [6] for terminology) of the quotient poset [V ], / GL (V). We still
have the one-to-one correspondence between [ ], / GL ( and P nyon, B
sets and the 18 inequalities are still necessary conditions for the order relation
in the quotient poset; but they are not sufficient. In particular, in .93 oy, W€
have T < R; but it is easily checked that the corresponding relation 1 1s not true
n [V],/GL,(V): there is no subspace of V' of type R containing a subspace
of type T . One thing that does not change, however, is the size of the levels of
the quotient poset, which corresponds to the size of some double coset spaces
as we saw in §3.

Next follows additional information about the poset 97’,, gy . It is ranked
and Peck, of height n, +n,+n,, with minimum element 0, maximum element
MM M5, and the rank of an 8-tuple (m,, m,, my;r;s,,s,, s;; 1) equal
to m +my,+my+2r+s +5,+s;+1. Itis not a lattice: the two elements
M S, and R of rank 2 both cover the two elements S| and T of rank 1. If
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(d)

n, nym, denotes the dth level of the poset and
by=|{(m,, my, my;r;s,,s,, 5550 €N | m +my+my+2r
+5,+5,+5,+t=4d}|
= sok (84 +252d° + 32484° + 220504* + 843924°
+1799284° + 194592d + 80325) + 5L (~1)
L@+ 1)(p +2)(p + 3)(p + 4)(320° + 184p” + 288p + 105)
ford =2p,

d

Nl"‘

(0 + 1)(p +2)(p + 3)(32p° + 200p” + 352p + 151)
ford=2p-1,
then we have the obvious bound |.97’(d) n3| < by, with equality when d <

min(n,, n,, ny). (If d >3 (n +n,+ n3) use the rank-symmetry of the poset
to obtain a better bound.) We have the generating function
(@)
>, l‘@". - |x1 X3 xPq’
n,ny,ny,d>0
_ 1
(x5 Q)z(x2§ q)z(-x3§ Q)z(l - xlxzq)(l - x1x3q)(1 - x2x3q)(x1x2x3q; q)z ’
where we have used the standard abbreviation
@ ) { 1 ifi=0,
a; .= i .
ViVl -a)l-aq)---(1-ag™" ifi=1,2,....
The special case g = 1 gives

(2)
Z |‘@n,,n2,n3|xl x22x3
ny,ny,ny>0
_ 1
(1- )2(1 —x2)2(1 - x3)2(1 X,x) (1 = x,35)(1 = x,05)(1 = x1x2x3)2
We now briefly sketch how to obtain the cardinality of &, o corresponding

to the case V' free of rank n, from (2). Representing the RHS of (2) by power

series, we have
n

| Pl =D (n=p+ 1) f(p),
p=0

where f(p) is the coefficient of x{x)x} in

Z (a, + 1)(a, + 1)(a; + 1)x| a,+b,+b; ;2+b +b3x;13+b +y
a,,a,,a,,
bl ‘bZ*b320

After a change of variables ¢, = b, + b,, ¢, = b, + by, c; = b, + b,, one sees
that

fp) = (a, + D)(a, + 1)(ay + 1),

(%)
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where the conditions on the parameters are
0<a,,aq,,a,<p,
(%) a,+a,+a;,=p (mod 2),
a;+a;<a;+p ({i,j, I} permutation of {1, 2, 3}).
Using symmetry and inclusion-exclusion, we may write
f(p) =31, =3I, +1,

with
Il = Z cee 12 = Z cee 13 = Z
a;<a, ,a, a,=a,<a, a,=a,=a,
(*) (%) (%)

A case-by-case computation of /,, I,, I, according to the parity of p, a,, a,,
a, yields the following

Proposition 5.8.
| L nonl =

ol = b (n D+ 321+ 5)(11(n + 3)* — 40(n + 3)* + 64)
N { 0 for n odd,
55055 for n even.

j 1,8
In particular, |P, | ||~ sgggeh as n —oo.

6. THECASE A=F xk

In this section 4 = F x k, where F/k is a quadratic field extension, and V
is an A-module of finite bidimension (n,, n,). We fix an element 1 € F such
that F =k(n).

We first collect the following facts (see for example [4]) about subspaces of
a vector space over a quadratic field extension, which we will freely use below.

Theorem 6.1. Let k, F, and n be as above. Let U be a finite-dimensional
vector space over F and let W e [Y], .

(a) comp, W =W nNnW; for x € W, we have x € comp, W & nx e W.

(b) If comp, W =0, then FW = W onW , dim, FW =dim, W, and any
k-independent vectors v, ... ,v, in W are F-independent.

(c) Suppose W = W @Y for some k-subspaces W, , Y with comp, W < W,.
Then comp, Y =0, W =W, &Y, and dim, Y =dim (FW/FW)).

(d) Ler W, € (%], satisfy W, = W nFW, (equivalently, W, = WnU,
for some U, € [Y],). Then there exists a subspace Z € ["]  such that
W=We,Z.

For a k-subspace W of V , let A (W)= WneV (i=1,2) and define the
type of W to be the 6-tuple

type(W) = (dim, comp, A, (W), dim, A,(W); dim (U/comp. A,(W)),
dimg(FA,(W)/U), dimg((comp. e, W)/U),
. dimg(Fe, W/(FA (W) + comp.e W)))
with U = FA;(W)Ncomp,e W . The parameters in type(W) are invariant
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under the action of GL (V) on [¥], and will form a complete set of invariants
for this action.

Theorem 6.2. Let W e [V], with type(W) = (m , my;b,c,e, f). There ex-
(1) (1) () (1 .

ist F-independent vectors v, , ... , v, ;X" ...y Xp 3 Vs e 5V 2] e
E,”, u(]l), e u(f') in eV and k independent vectors v(z), ,vsz);
xiz), xl(7 ), 2(12), z(ze), u(lz), u(fz) in e,V such that W admits the

direct sum decompositzon over A
W=comp, A\(W)s AW)s, X0, Y&, ZO, U
with
comp, A (W) = (vf”, ,v“))F, A,(W) = (vfz), ,v(z))k,

b
1 1 (2)
X=®(xl(),nx1()+x’ )k’ Y=<y1""’yc)k’

f
(1 (2) (1) (2)
Z = @ +2211”72 +22,) , U=@(ui +u),

Moreover, lf m is the map v — ev from W to eV, we have

A(W) =comp A|(W) & (xfl), cee x,()l))k ®pY,
FA (W) =comp . A|(W)®re X FY,
comppe, W = comp, A\ (W) &, e, X &g e,Z
and
comp, W = comp. A (W) &, A, (W),
_'(FA (W)ncomppe, W) =comp. A\ (W)e, A, (W)o, X,
“NFA(W)) = comp, A, (W) & A (W)®, X&,Y,
n! (compp e, W) =comp. A, (W)®,A,(W)®, X0, Z,
“Y(FA,(W)+ comp, e, W) = comp, A,(W)&,A,(W)&, X, Y&, Z
Proof. The proof will involve a series of lemmas. By Proposition 2.5,

comp, W = comp. A, (W) &, A,(W).

Choose a basis {v“), e v,(,:])} of comp, A, (W) over F and a basis {vfz),

,(32} of A,(W) over k. Using Proposition 2.4, we are now allowed to
assume that comp, W = 0, as in the proof of Theorem 5.1; so comp N (W) =
0 and A,(W)=0.

Let ¢ denote the map v — ev from W onto ¢ W, ie., ¢ is the same
map as © but with restricted codomain. Note that ¢ isa k-linear isomorphism
(because its kernel equals Wne,V = A,(W)=0) with A (W) as a set of fixed
points.
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Put X = FA (W)ncompe, W € [°)], andlet X = ¢~'(X) € [¥],.

Choose a basis {x(” s eee ,x},l)} of X over F consisting of vectors of AW).
For i=1,...,b, we have nx; M ¢ elW take x2 = ezq)_l(nx l) so that
0 (nx )-—17x1)+x2 and X = @, L x; ,nx +x2) We have e, X = X
and ( X ,...,x,(,z))k =e,0 l(X).
Lemma 6.3. (i) The vectors xl(z), ,xl(,z) are k-independent.

i) A,W)nX =", . x), =A)NX.

(i) X = F(A,(W)nX).
Proof. (i) It suffices to show that the k-linear map x — ezq)_'(r]x) from
AI(W)OX’ to e,V is injective. Suppose x € Al(W)n)? and e2¢‘l(nx) =
Then ¢~ '(nx) € e,V N W = A (W), which implies 7nx € A,(W) and x €
comp, A, (W) =0.

(i1) and (iii) are now easy to derive. O

Note that X = comp.(FA (W)ne W) by Lemma 2.3. So by Proposition
2.4 there exists a k-subspace Y of FA (W)Ne W such that

FA(W)neW =X@, Y.

Lemma 6.4. (i) comp, Y = 0.

(ii) A, (W) = (Ale) NX)opY

(iii) FA(W)=X &, FY.

(iv) dim, Y =c.

Proof. (i) is clear.

To prove (ii) we first show that ¥ < A (W). Let 0 # y € Y. We can
write y = Ax for some A € F and x € A (W). We claim that 4 € k.
Otherwise, the fact that x € ¢/ and Ax = y € e,W implies that x €
comp.e, WNFA (W)= X, and hence y € X , which is a contradiction. The
claim now follows from the inclusion A, (W) < FA (W)Nne W = X &Y.

(iii) follows from (ii) and Lemma 6.3(iii).

To prove (iv), use (i), (iii), and the definition of type(W), to get dim, ¥ =
dim, FY = dim (FA,(W)/X)=c. O

Choose a basis {y,, ... , y.} of Y over k. Since comp, Y = 0, the vectors
Vys--- Y, are actually independent over F .

Pick an F-subspace Z of comp, e, W such that

comppe W = )?@F Z.

Necessarily dim, Z =e. Let Z=¢'(Z) € [¥],. Choose abasis {z\", ... ,
zi,”} of Z over F. For i =
ezgo_l(nz.”) so that Z = °

(2 2 -
and (z1 .. zge))k =e,0

2 —1,_(1) ()
, €, put zél)l = e2¢ (zﬁ ) and zz,

fl) + zgl 1 nz“) + 22, ) We have ¢,Z = Z

—_—

1,
iz
z

(2)
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Lemma 6.5. (i) ZNFA,(W)=0.

(i) The sum X &Y & Z is direct over F .

(iii) The vectors 252), e zg_,) are k-independent in e,V .

(iv) e,W N(FA,(W)+comp,e,W)=Xo,Y &, Z.
Proof. (i) and (ii) are easy to derive from Lemma 6.4(iii). To prove (iii) it suf-
fices to show that the k-linear map z — e,¢ ~!(z) from Z to e,V 1is injective.
Suppose z € Z and e2¢"(z) =0. Then ze A((W)N Z =0 by (1). For (iv)
it is easy to see that e W N FY = Y. The result then follows from the facts
that FA (W) +comp e, W =X +FY+Z and X+Z <eW. O

Applying Theorem 6.1(d) to the situation of Lemma 6.5(iv), we can find a
k-subspace U of e, W such that

(1) eW=Xe,Yo,Zeo,U.
We have comp, U =0 and

FeW=X0FY®Za&FU
= (FA,(W) +compF e1 W)e FU,;

so dim, U = dimFFf/ =e. Let U = € [7],- Choose a basis
{u('), cee uf)} of U over k ; the vectors u(1 ), u(l) are F-independent
since compj U=0.Fori=1,...,f,put u @ = 0 (uf.”) so that U =
691 | u(1)+u )i - We have e, U = U and (u1 yaen u(fz)) —e2¢_1((~J). Note
also that the vectors xf ), ,xl(, 1 D z(ll)... X ( ). u(l), ey u(fl)

are all independent over F because the sum in (1) is direct over F.

Lemma 6.6. (i) The vectors u(lz), el u(fz) are k-independent in e,V .
(ii) We have a direct sum e,p” " (X) @ e,0”™ (Z) @ e,0™ " (U).
(ii1) The vectors x}z),... x,()z), ;2),... gi),u(lz),... u(fz) are all k-

independent.

(ivy W=Xeo, Yo, Zo, U
Proof. (i) is proved exactly like Lemma 6 5(iii).

(ii) Suppose e, (x)+e2¢ 1( z)+e,p (u) =O0withxeX, zeZ,uelU.
Then ez(p_'(x +z+u) =0 implies x4+ z+u € A;(W). Since X < FA, (W),
we have z+u € FAI(W)O(ZGSU) =0 and e2¢_1(x) =0. Since ZnU =0,
we also have z =u =0 and ezqfl(z) = ez(p"'(u) =0.

(iii) is a consequence of (ii).

(iv) We have W = (/)_'(e1 W)=XeY®Z&U. Formula (1) and (ii)
combined with Proposition 2.6 show that this sum is direct over 4. O

The equalities at the end of the statement of the theorem are trivial to check.
The proof of Theorem 6.2 is now complete. O
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Remark. 1f type(W) = (m,, m,;b,c,e, f), then
dim, A (W) =2m, +b+c,
dim. FA\(W)=m;+b+c,
dim, comp.e, W =m, +b+e,
dim e, W =2m, +2b+c+2+ f,
dimp FeW =m +b+c+e+f,
dim, e, =m, +b+2e+ f,
dim, W =2m +m,+2b+c+2e+ f,
dim, AW =2m, + m,+3b+2c+4e+3f.
We see that a 6-tuple (m,, m,;b,c,e, f) € N® is the type of some k-
subspace of V iff
m+b+ct+e+f<n, my,+b+2+ f<n,
The next two results are the expected analogues of Theorems 5.6 and 5.7.

Theorem 6.7. Two k-subspaces of V are in the same orbit for GL (V) if and
only if they have the same type.

Theorem 6.8. Let A be the algebra F x k with F/k quadratic extension and
let 'V be an A-module of finite bidimension (n,, n,). The quotient poset
[(%1,/GL (V) is finite and independent of the fields k and F . It is isomorphic
to the poset

={(ml,m2;b,c,e,f)eN6|ml +b+c+e+ f<n,

m,+b+2e+ f<n,},

n,n,

with the order relation
(m,,my;b,c,e, f)<(m,myb,c e, f)

given by the following ten irredundant conditions:

m < m,
m,+b§m'1+b',

m +b+c<m +b+c,
m|+b+e§mll+b'+e/,
m+b+c+e<m +b +c +¢e,
m+btcte+ f<m +b+c+e+ [,
ngm’z’

m2+b§m;_+b',

m2+b+2e§m'2+b'+2e',
m2+b+2e+f§m'2+b'+2e'+f.
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Note that the combinations of parameters used to define the order relation in
P are obtained by taking dim, Fe,C and dim, e,C for each of the last

n ,n
five subspaces C appearing in the statement of Theorem 6.2, as well as W .

We conclude by stating additional information about the poset &, o CItis
ranked and Peck, of height 2n +n,, with minimum element (0, 0; 0, 0 0 0),
and maximum element (n,, n,; 0,0, 0, 0); the rank of a 6-tuple (m,, m,;
b,c,e, f) equals 2m, + m, +2b + ¢+ 2e + f. The poset is not a lattice: the
two elements (0,0;1,0,0,0) and (0, 1;0, 1, 0, 0) of rank 2 both cover the
two elements (0,0;0,0,0,1) and (0,0;0,1,0,0) of rank 1. Let 9?’,5‘1,)"
denote the dth level of the poset and let o

=|{(m,, my; b, c,e, f)eN® | 2m, +m,+2b+c+2e+ f=d)
= #0(461' +90d* + 760d° + 29704 + 5266d
+3285 + (—1)°(30d” + 270d + 555))
_ { s+ 1),(4p +5) ford=2p,
d(@)4p+11)  ford=2p-1,
where we have used the standard abbreviation for rising factorials
1 ifi=0,
(@), ={ oo
ala+1)---(a+i-1) ifi=1,2,....
Then .
P < by
with equality when d < min(n,, n,). We have the generating function

1
>R g =

2 2\ °
n, »"231120 (x1 5 Q)3(-x2; q)z(xlxzq; q)z(l - xlxzq )

The special case ¢ = 1 gives

Z I‘@n n |xr'X;2 3 2 1 2 2y "
nmso (T =x)"(1 = )7 (1 = x; x,)°(1 = x,x5)

From this last generating function, one obtains the cardinality of &  corre-
sponding to the case V' free of rank n:

S50+ 1)(p +2)(68p* + 408p> + 835p” + 669p + 180)
|‘@n,n|= f0rn=2p,
P+ 1) (p+2)(17p° +34p +9) forn=2p—1.

. 6
In particular, |£, |~ 5760n as n — oc. Also,

|2, | =55(n, + 1)5(3n, — 2n, + 3) if n, > 2n,.

ny,n,

We could also give formulas for the cases n, < n, <2n, and n, < n_ , but the
results do not factor nicely.
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